Buckled thin films on elastomeric substrates have many applications. Films of this type exhibit periodic, sinusoidal "wavy" relief profiles, except near edges that lie perpendicular to the wavevector associated with waves. In these locations, the amplitudes of the waves steadily decrease until the films become completely flat, in a manner that can be used to advantage in applications. This paper quantitatively describes the mechanics of this phenomenon. The finite element analysis shows that the edge effect results from the traction-free boundary condition. The edge-effect length is proportional to the thin-film thickness, and decreases with the increasing prestrain and substrate modulus.
Thin films on elastomeric substrates are important for electronic systems that require stretchability, such as unusual types of displays, 1 electronic eye camera, 2 conformable skin sensors, 3 smart surgical gloves, 4 and structural health monitoring devices. 5 Similar types of film/substrate systems also have many other emerging applications such as micro-and nanoelectromechanical systems, 6 tunable phase optics, 7, 8 force spectroscopy in cells, 9 biocompatible topographic matrices for cell alignment, 10, 11 high precision micro-and nanometrology methods, [12] [13] [14] [15] and pattern formation for microand nanofabrication. [16] [17] [18] [19] [20] [21] [22] Figure 1 schematically illustrates one method for integrating thin films of high quality electronic materials ͑e.g., silicon͒ with elastomeric substrates for stretchable electronics. 23, 24 The first step ͑top͒ involves fabrication of thin ͑20-320 nm thick͒ elements of single crystal Si or complete integrated devices ͑transistors, diodes, etc.͒ by conventional lithographic processing, followed by etching of the top Si and SiO 2 layers of a silicon-on-insulator wafer. After these procedures, the thin-film structures are supported by, but not bonded to, the underlying wafer. Contacting a prestrained, compliant substrate ͓e.g., polydimethylsiloxane ͑PDMS͔͒ to the thin film leads to bonding between these materials ͑middle͒. Peeling back the substrate, with the film bonded to its surface, and then releasing the prestrain causes the substrate to relax back to its unstrained state. This relaxation leads to the spontaneous formation of well-controlled, highly periodic, stretchable wave structures in the thin film ͑bottom͒ and near surface region of the substrate.
a͒ Author to whom correspondence should be addressed. Early theoretical models for buckling of thin films on compliant substrates 23, 25, 26 give the wavelength 0 = h / ͱ c and amplitude A 0 = h ͱ pre / c − 1 proportional to the film thickness h, where c = ͑1/4͒͑3Ē s / Ē f ͒ 2/3 is the critical buckling strain, and Ē f and Ē s are the plane-strain modulus of the thin film and substrate, respectively. This approximate expression for the wavelength is independent of the prestrain pre , which does not agree with the recent experiments at large pre-or applied strains. 7, 23, 27, 28 Recently, Jiang et al. 24 accounted for the effect of nonlinearity at the large prestrain, by including into an analytical model of the mechanics ͑1͒ the different initial strain-free configurations for the thin film ͑top, Fig. 1͒ and for the substrate ͑bottom, Fig. 1͒ ; ͑2͒ the nonlinear strain-displacement relation in the substrate; and ͑3͒ the nonlinear Neo-Hookean constitutive law for the substrate. They obtained the prestrain-dependent wavelength and amplitude A of the buckled thin film as
which agree very well with systematic sets of experiments. 24 Although these expressions capture the effects in systems that are far from boundaries, they do not apply to regions of the films that lie near the edges. In these regions, the amplitudes of the waves decrease gradually to zero at the edge, as illustrated schematically in Fig. 1 ͑bottom͒. This edge effect can be seen clearly in atomic force microscope ͑AFM͒ images of Fig. 2 for 100-nm-thick ribbons of Si with widths of 20 m and separations of 20 m, bonded to a 3.5-mm-thick PDMS substrate. The frames on the left ͑im-ages and line cuts͒ correspond to periodic structures that exist at regions away from the free edge; those on the right show regions near the free edge. The bottom images are obtained from finite element analysis, as described in the following.
The objective of the work presented here is to explain quantitatively the mechanical behavior of the system at and near the edge ͑i.e., flat region͒ not only for the particular system shown in Fig. 2 but also for the more general case of thin films on compliant supports. Analytical solutions are not possible in this region, therefore necessitating the use of the finite element method to reveal the physics and its dependence on film thickness, prestrain, and film and substrate properties. The challenges associated with this type of analysis include ͑1͒ extremely large differences in the elastic properties of the films and substrates ͑e.g., film modulus, ϳ100 GPa that can be five orders of magnitude higher than the substrate modulus, ϳ1 MPa͒ and ͑2͒ extremely large differences in the thickness of the films and substrates ͑e.g., film thickness, ϳ100 nm, that can be four orders of magnitude smaller than the substrate thickness, ϳ1 mm͒. In order to overcome these difficulties, we use fine mesh near the film/substrate interface and coarse mesh far away from the interface in the finite element model. 29 The smallest element size is 0.4 m ϫ 0.4 m 2 , so a total of more than 160 000 elements are in the mesh. To avoid element distortion in the large deformation, the mesh is designed to incline to prestrain direction. In addition, a very small step increment ͑Ͻ10 −2 ͒ is used to ensure the convergent results for systems involving such large different elastic moduli.
The modeled two-dimensional system consisted of a 1.3-mm-long and 3.5-mm-thick PDMS substrate subjected to a prestrain pre imposed at its two edges. A shorter, 1-mm-long and much thinner, 100-nm-thick Si thin film resides on and is intimately coupled mechanically to the top surface of the stretched PDMS substrate. The thin film covers the center part of the substrate surface, leaving bare regions of the substrate ͑uncovered by the film͒ near the two edges, as schematically shown in Fig. 1 ͑bottom͒. The thin film and substrate are modeled by the beam and plane-strain elements, respectively.
The wavelength and amplitude A near the center of film ͑i.e., away from the edges͒ obtained from the finite element analysis are shown as a function of pre in Fig. 3 for the Si thin film and PDMS substrate. Young's moduli and Poisson's ratios of the Si film and PDMS substrate are E f = 130 GPa and f = 0.27, and E s = 3 MPa and s = 0.48, 15, 30 respectively. For comparison, and A determined by AFM are also shown, where the prestrain was obtained from these measurements via pre = ͑ contour − ͒ / ; 24 contour is the contour length of the buckled film and is the wavelength. Figure 3 also shows the analytical solution of and A according to Eq. ͑1͒. The experiments and analytical solution all agree well with the numerical results without any parameter fitting, therefore providing a validation of the finite element analysis.
The edge-effect length L edge , defined as the distance from the edge to the midpoint between the first peak and valley 
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nearest to the free edge ͑Fig. 4, top inset͒, is shown in Fig. 4 ͑top main frame͒ versus pre . The elastic properties and thickness of the thin film and substrate are the same as those in Fig. 3 . The experimentally measured L edge from Fig. 2 agrees well with the numerical results in Fig. 4 without any parameter fitting. The wavelength near the center of the film, as shown in Fig. 3 , is about 14 m.
The bottom left panel in Fig. 4 shows the edge-effect length L edge versus the prestrain pre for two different values of the PDMS modulus: E s = 2 and 3 MPa. The value of L edge for E s = 2 MPa is higher than that for 3 MPa, which suggests that the edge effect increases as the substrate modulus decreases. In fact, the dimensional analysis shows the edgeeffect length to be proportional to the film thickness h,
where f is a nondimensional function of the prestrain pre and critical strain for buckling c , and it decreases as pre or c increases.
The distribution of axial force in the buckled thin film, as shown in Fig. 4 ͑bottom right͒, explains the edge effect. Except near the edges, the axial force is a constant in the thin film, and this compressive force causes the thin film to buckle. However, this compressive force decreases to zero at the free edges such that the film in these regions does not buckle. Therefore, the flat region of the thin film results from the traction-free boundary condition at the edges.
Besides the linear elasticity model described above, we implemented a hyperelasticity model for the PDMS. For the same Young's modulus and Poisson's ratio, the two constitutive models give essentially the same edge-effect length. This outcome is reasonable because, for up to 20% strain, the difference between the two constitutive models is small.
In summary, the flat region around the edges of buckled thin films on compliant substrates results from the tractionfree edges. The edge-effect length L edge is proportional to the thin-film thickness, and decreases with the increasing prestrain and substrate modulus. Such results might provide useful design guidelines for implementation of these edge regions in certain classes of applications in stretchable electronics and other areas. For example, well-placed edges can lead to flat regions in a larger scale buckled system where, for example, planarity is required for efficient photodetection or other functions. These and other possibilities appear to be interesting topics for further study.
